We consider the Boussinesq system in the homogeneous spaces of degree -1. To narrow the gap for the existence of small regular solutions inḂ -1 ∞,∞ (R n ), the biggest homogeneous space of degree -1 among those embedded in the space of tempered distributions, we show small solutions in the homogeneous Besov spaceḂ -1+ n p p,∞ (R n ), with n ≥ 2, n ≤ p < ∞.
Introduction and main results
The Cauchy problem of the Boussinesq system in R n (n ≥ ) reads ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ ∂ t u + u · ∇u -μ u + ∇π = θ e n , (x, t) ∈ R n × (, ∞),
where u = u(x, t) and θ = θ (x, t) denote the unknown velocity field and the scalar temperature in the content of thermal convection, respectively, and π = π(x, t) the scalar density of the geophysical fluids, μ the constant kinematic viscosity, κ >  the thermal diffusivity, and e n = (, , . . . , ) T . While u  , θ  are given initial data, with ∇ · u  =  in the sense of distribution. The Boussinesq system is extensively used in the atmospheric sciences and oceanographic turbulence (see [-] and references therein). The problem of the global regularity of the weak solutions of the D Boussinesq equations is a big open problem. It is meaningful to study the regularity of the weak solutions under additional critical growth conditions on the velocity or the pressure. Based on some analysis technique, there are some regularity criteria via the velocity of weak solutions in Besov spaces have been obtained in [-] . The pressure criterion is in [-] . By the velocity criterion, for the n-dimensional Boussinesq system, Yao et al. in 
This paper is structured as follows. In Section , we introduce the Besov spaces and the lemmas used later. In Section , we provide the proof of Theorem ..
Preliminary lemmas
We denote (cf.
[])
with the heat kernel h(x, t) = (πt) -n/ e -|x|  /(t) . And the Fourier transform f of f ∈ S is defined by
Here S(R n ) stands for the Schwartz class of rapidly decreasing smooth functions and
is the space of tempered distributions. The fractional order of the Laplacian is showed by the Fourier transform. For α ∈ R,
Due to the homogeneous counterpart Theorem .. and the lifting property Theorem ../ in [], the homogeneous Besov spaces can be given as follows.
Definition . For  ≤ p, q ≤ ∞ and -∞ < α < ∞, the homogeneous Besov spaces are defineḋ
where
An important property of the homogeneous spaces is its invariance under the following space scaling:
And furthermore, if s < , the homogeneous Besov spacesḂ
In particular, for the degree of -, we havė
It is well known thatḂ
is the biggest critical homogeneous space of degree -, and as shown by Frazier, Jaweth and Weiss [], any critical homogeneous space continuously embedded in S (R n ) is also continuously embedded intoḂ
Next we introduce the interpolation theorem in [, ].
where (·, ·) θ,q denotes the real interpolation functor.
We express (.) , in the integral form as
where P is the Helmholtz-Weyl projection onto a divergence free vector fields defined by 
Due to the linearization of the Boussinesq system (.), we consider a priori estimates for the Stokes equations. Chen and Xin in [] gave the estimates in homogeneous spaces. The Stokes equations in R n , n ≥  read
We now state the main estimate about the Stokes equations in homogeneous spaces of Chen and Xin in [], which will be used later.
Then the solution of equation (.) in the following integral formulation:
satisfies the estimates 
Proof By Definition ., we estimate the term
as follows:
and the fact that - + (α - + n p )/ < , we have
As regards the term II =
Thereby, the estimate becomes
Due to the definite integral
According to the fact that
For the estimate of the initial term e t Pa
, we have
then we obtain
Equations (.) and (.) imply the second inequality of the lemma. Now we turn to the first inequality. By a similar method, we have
On the other hand, by Lemma ., we get
Therefore, the expressions (.) and (.) verify the first inequality of the lemma.
Thus equation (.) satisfies the estimate
Proof By the definition in Lemma . and Lemma ., we have
, the way to deal with the above estimate is similar to the one in Lemma ., we omit it here. Finally, we get 
We will show M andM are the contraction operators mapping a ball of U into itself and a ball of into itself, respectively. Now we deal with the operatorM. Observing that (.) and (.) are also true for θ , we have
